arXiv:hep-ph/0211160v2 9 Dec 2002 


Virtual Compton scattering in the generalized Bjorken region and positivity bounds 

on generalized parton distributions 

P. V. Pobylitsa 

Institute for Theoretical Physics 11, Ruhr University Bochum, D-fflSO Bochum, Germany 
and Petersburg Nuclear Physics Institute, Gatchina, St. Petersburg, 188300, Russia 

The positivity bounds on generalized parton distributions are derived from the positivity prop¬ 
erties of the absorptive part of the amplitude of the virtual Compton scattering in the generalized 
Bjorken region. 

PACS numbers: 12.38.Lg 


I. INTRODUCTION 


Generalized parton distributions (GPDs) i I i I, 
^ 1^, 1^ appear in the context of the QGD 

factorization in various hard exclusive phenomena includ¬ 
ing deeply virtual Gompton scattering and hard exclusive 
meson production. Among several general constraints on 
GPDs an important role is played by the so-called posi¬ 
tivity bounds. Various inequalities for GPDs have been 
derived in Refs. ^ HI H, & g: 0 0 H ■ 

As shown in Ref. [ |23| , these inequalities can be considered 
as particular cases of a general positivity bound which 
has a relatively simple form in the im pac t parameter rep¬ 
resentation for GPDs ^1^. This positivity 

bound is stable under the one-loop evolution of GPDs to 
higher normalization points The positivity bound 

of Ref. was explicitly checked for one-loop GPDs in 
various perturbative models ||2|]. The solutions of this 
positivity bound are studied in Refs. |^, The pos¬ 
itivity bounds can be used for self-consistency checks of 
models of GPDs 

The derivation of the positivity bounds on GPDs in 
Ref. 1^ was based on the positivity of the norm in the 
Hilbert space of states 



dP+cPP^dX 

TP+ 


9 a{X,P)'ijj{Xn) \P,a) 


2 

> 0 . 


( 1 ) 


Here \P,cr) is the hadron state with momentum P and 
spin cr. The quark field ip is taken at the point An defined 
by the light-cone vector n, and the “good” spin compo¬ 
nents of the field ip are implied. The superposition of 
quark-hadron states is weighted with arbitrary functions 
Qa- Expanding the square on the left-hand side (LHS) of 
the inequality (|^), one obtains the following inequality: 


^ J dP+d^Pp-dXi 

(Ti<72 


dP+d^P^dX2 


2P+ 


2P+ 


5<ti(Ai,Pi) 


X 5 ^ 2 (^ 2 ,p 2 )(-P 2 ,cr 2 |t/’(A 2 n) {nj)ip{Xin) |Pi,cri) > 0. 

, ( 2 ) 

This inequality contains the matrix elements which en¬ 
ter the definition of GPD. For simplicity we restrict the 


consideration to the case of spin-0 hadrons. In this case 
the GPD is defined as follows: 

H (x, t) = y ^ exp I yxA [n{Pi + P 2 )] | 


X {P2\ip l^i) ■ (3) 


Here we use the standard Ji variables x,^,t [p^: 




n(Pi - P 2 ) 
niPi + P 2 ) ’ 


t = (P2 - Pi)" . 


(4) 


Taking into account that inequality (H) should hold for 
arbitrary functions ga, one can derive positivity bounds 
on the GPD H [||. 

The approach based on inequality raises a number 
of questions. The bilinear quark operators have light- 
cone singularities which have to be renormalized. The 
renormalization involves subtractions which can violate 
the inequality. Next, the quark-hadron states in the in¬ 
equality ( 0 ) do not belong to the physical sector and one 
can wonder whether the positivity of the norm in the 
Hilbert space is guaranteed. Intuitively one can expect 
that at large normalization points (where the renormal¬ 
ization is effectively equivalent to the regularization) the 
positivity is not destroyed by the renormalization. One 
can also think that the insertion of the gluon P expo¬ 
nent between the quark fields in the inequality (H) will 
also protect us from the violations of the positivity of the 
norm which can be met in the nonphysical sector. On the 
other hand, these arguments in favor of positivity are not 
completely impeccable and it makes sense to look for an 
alternative derivation of the positivity bounds on GPDs 
which would avoid the problems related to the light-cone 
singularities, renormalization and properties of the non¬ 
physical quark-hadron states. 

At this point it is useful to recall the similar problems 
and their solution in the context of the forward parton 
distributions. It is well known that in the case of the deep 
inelastic scattering (DIS) one should distinguish between 
the parton distributions and the structure functions. 

The parton distributions are defined in terms of matrix 
elements of quark fields 


q{x) = I {P\iP{Xn){nj)iP (0) |P) (5) 
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whereas the structure functions are extracted from the 
hadronic tensor 


WuAP, <?) = ^ / d'^zP‘‘^P\Uz)MO)\P). (6) 

The positivity of parton distributions is usually associ¬ 
ated with their physical meaning in the infinite momen¬ 
tum frame as the probability to find a quark with a given 
momentum fraction. This physical interpretation makes 
sense only at large normalization points ^ whereas at 
low normalization points the positivity of parton distri¬ 
butions can be violated. In contrast, the structure func¬ 
tions are directly related to DIS cross sections and the 
positivity of cross sections imposes constraints on struc¬ 
ture functions, which hold for any = —q^ including 
the low values of Q^. At large the difference be¬ 

tween the structure functions and the parton distribu¬ 
tions (taken at /r ~ Q) can be neglected and in this case 
we have common positivity properties for parton distri¬ 
butions and structure functions. 

Now one can ask the question whether this picture of 
the relations between the structure functions and parton 
distributions can be generalized from the forward case to 
the case of GPDs? The answer to this question is rather 
simple: one should start the analysis from the positivity 
of the norm the following state 


d^P 

2P+ 


nz,p)Uz)\p) 


> 0 


(7) 


where is the color singlet quark current 
jf^ = i’ltj.-il’ ■ 

Inequality can be rewritten in the form 

d^Pi ,4 f d^P2 




2P+ 


( 8 ) 


that the integral on the LHS of inequality (^) is satu¬ 
rated by the hard kinematics where the matrix element 
\Pi) can be reduced to the GPD. This will lead 
us to the positivity bounds on GPDs. 

The structure of this paper is as follows. In Section || 
we determine kinematical regions relevan t for the deriva¬ 
tion of the positivity bounds. In Section III we describe 
the constraints on functions which allow us to express 
matrix elements {P 2 \jfi 2 jui\Pi) terms of GPDs. The 
corresponding inequality for GPDs is derived in Section 
0 where we establish the equivalence of the approach 
based on the quark-hadron inequality (|^) and of the cur¬ 
rent method relying on the positivity property (^) of the 
matrix element of currents . The equivalence of the two 
approaches is established without using the explicit form 
of the positivity bound on GPDs in the impact param¬ 
eter representation which is briefly described in Section 
^ (the technical details of the derivation can be found in 
Appendix ra. 


II. POSITIVITY BOUNDS FOR THE MATRIX 
ELEMENT OF CURRENTS 


In the momentum representation inequality (^ takes 
the form 


d^PidUi,^,,r. N f d^P2d^q2 


2P+ 


-h^^iPuqi) 


2Pf 


h^^*{P2.q2) 


X {2ttY6P\Pi +qi-P 2 - q 2 )A^ 2 Uiiquq 2 -, Pi,P2)>0. 

( 10 ) 

Here h^{P^q) are arbitrary functions. 


(91,92; Pi, P 2 ) = J d^zP'>^^P2\j^, (z) j;., (0) |Pi) 

( 11 ) 

and the momentum conservation reads: 


X r^*{z2,P2){P2\j^2iz2)jM\Pl) >0. (9) 

Here we deal with color singlet currents and physi¬ 
cal hadronic states. Therefore this inequality should cer¬ 
tainly hold for any functions f^{z, P). 

Note that the matrix element (P 2 |jV‘ 2 Jmi l^^i) appear¬ 
ing in the inequality (^ contains the usual product of 
currents j^. In the momentum representation it can be 
expressed in terms of the discontinuities of the corre¬ 
sponding matrix element with the time-ordered product 
{P2\T{jui}\P^)■ These time-ordered matrix elements 
are directly related to the “scattering amplitudes” in¬ 
volving two virtual photons. In the so-called generalized 
Bjorken region §111 these amplitudes can be expressed 
in terms GPDs. 

Similarly, in the case of the hard kinematics, we can 
express the matrix elements {P2\jui\P'^) terms of 
the GPDs. Our aim is to choose functions f^{z,P) so 


Pi -k 9i = P 2 -f 92 . (12) 

Let us separate the connected part of the matrix ele¬ 
ment 

(P2|J;.2 {Z2)j,, {zi)\Pir^- 

= {P2\ju2 (^ 2 ) Jmi {Zi) \Pl)-{P2\Pl){0\jt,2 iz2)j^^^ {Zl) |0) 

(13) 

and define 

A“™(9i,92;Pi,P2) 

= I d^zP^^^{P2\j,2 (0) |Pi)“"" . (14) 

Note that in the hard limit only the connected part A™”" 
reduces to the GPD. In order to avoid the contamination 
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of inequality by the vacuum part we 

must choose functions so that the vacuum part does 
not contribute. Let mg be the mass of the lightest inter¬ 
mediate state contributing to The vacuum 

part { 0 \jfj. 2 jiii\Q) will be suppressed if for 


where n is a light-light-cone vector 


we have 


> ml, q° > 0 


h>^{P,q) = 0. 


(15) 


(16) 


Next, the matrix element {qi, ( 72 ; Pi, P 2 ) does not 

vanish only in a certain kinematical region of variables 
Pi,qi. Let us assume for simplicity that the lightest in¬ 
termediate state |n), which can contribute to the matrix 
element 

{P2\jfi2 ( 22 ) {Zl) I Pi) 

= ( 22 ) \n){n\j^^ (zi) |Pi), (17) 

n 

has the same mass as Pi and P 2 - Then the following 
condition is necessary if one wants to have nonvanishing 
Afi2fj'i (^ 1 , Q2, Pi , P 2 ) ■ 

‘2Piqi+ql>0, {Pi+qi)°>0. (18) 

Excluding the region (|^), we see that we must deal with 
functions h^{P, q) vanishing if at least one of the follow¬ 
ing conditions holds: 

f if q^ > ml and > 0 
/i/^(P,g) = 0 if 2Pq + q^<0 (19) 

[if {P + qf < 0 

Obviously we can replace the zero components by the 
projections on any time- or light-like vector n (with nP > 
0 ): 

if q^ > ml and nq> 0 
q)=0 <( if 2Pq + q^ <0 (20) 

if n{P + q) <0 


III. HARD KINEMATICS 

We want to choose functions h^{P, q) so that matrix el¬ 
ements 71^2111 ( 91 ! 92 ; Pi, P 2 ) appear in the inequality ( 0 ) 
only in the hard kinematics (corresponding to the gener¬ 
alized Bjorken region of Refs, (u p8|) 


- gfc ~ {P^qn) > (PiPn) 


^^QCD ■ 


( 21 ) 


This kinematics will allow us to reduce the matrix el¬ 
ement to the GPDs and to derive the positivity 


bounds on GPDs from the inequality (10). To this aim 
we take 

( 22 ) 


rP = 0 


(23) 


with the positive time component n° > 0 so that 

(nPi), (nP 2 ) > 0. (24) 

Parameter p is assumed to be large: 

p 00 (25) 

and momenta 

ki, Pi = const (26) 

are fixed in this limit. In this hard limit the constraint 
( 0 ) takes the form 

( if p{nk) < 0 and (nk) < 0 
h^{P,pn — k) = 0 < if pn{P — k) < 0 

[ if n{P — k) < 0 

(27) 

If p < 0 then the last two lines lead to the completely 
vanishing function = Q. Therefore the limit p 00 
should be understood as p —>■ -l-oo. In this case the above 
constraints on simplify as follows: 




(28) 


Taking into account condition ( p^ we conclude that 

h^{P,pn — k)^0 only if 0 < (n/c) < (nP). (29) 

Gertainly we also assume that h^{P,pn — k) = 0 ii p is 
not large enough. 

Let us introduce the following kinematical variables: 


X = — 


92 + 9i 


(P2 + Pi)(9i + 92) 




(Pi - P2)(9 i + 92) 
(P2 + Pi)(9i + 92) ' 


(30) 


(31) 


The choice of notation for these variables is motivated by 
the compatibility with Ji variables x, ^ [see Eqs. (I): ©] 
in the hard limit. 

In the hard limit (P^, (1^) we have 


(32) 


e = 


_ n{ki + ^ 2 ) 

"" “ n(Pi + P 2 ) ’ 

n{Pi - P 2 ) _ n{ki - ^ 2 ) 
n(Pi -I- P 2 ) n(Pi -I- P 2 ) 


(33) 


The property (29) of functions guarantees that in the 
integral 0 ) we deal only with the case 


0 < {nk^) < {nPi). 


(34) 


This means that the corresponding parameters x, ^ are 
constrained to the following region: 

lei <x<l. 


qi = pn-h (j = l,2) 


(35) 
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IV. REDUCTION OF THE MATRIX ELEMENT 
OF CURRENTS TO GPD 


The next step is to notice that the matrix element 
(O) can be reduced to GPD (|^) in the hard limit 
(^), (p5|) . Indeed, in this limit we have 

AZi:i^i,q2;Pi,P2) 


Taking into account that 

- = 2(nj) , 

we find from Eq. (^) in the hard limit 

[e“ • J (^)] K • j (0)] |Pi 

^ — 1 o 


(44) 




J fiAexp|iixA [n(Pi + P2)] 


x{P2\^ ( 7m2(’^7)7miV' l^’i) 


ydAexp|-i*xA [n(Pi+P2)] 




(45) 


The GPD H{x,^,t) was defined in Eq. JS). The LHS 
of Eq. ( ^ obeys the positivity bound (^). Taking in 
inequality 


hf^{P,pn-k) = eA^f^s{P,k) 


(46) 


and summing over a = 1,2, we derive using Eq. (45) 


d?Pid‘^ki 

2P+ 


s{Pi,ki 


(PP2d^k-2 

2^2+ 


S*{P2,k2) 


x(27r)45W(Pi-fci-P2 + fc2) 


X {P2\ip 7mi(’^7)7m2^ 1 ^ 1 ) • (36) 

This expression can be obtained by calculating the dis¬ 
continuities of the time-ordered matrix elements studied 
in Ref. ||] . Alternatively one can derive Eq. (|^ by treat¬ 
ing the quark fields as free and using Wick theorem. 

Let us introduce a light-cone vector p dual to n 

p2 = 0, (pn)^O. (37) 

Using the light-cone vectors p and n, we define the pro¬ 
jector 


X [H{x,i,t) - H{-x,^,t)\ > 0. 


(47) 


The variables x, ^ on the right-hand side are assumed to 
be expressed in terms of Pi,ki according to Eqs. (|^), 
(33). Function s(P, fc) is arbitrary up to the constraint 
( 0 ): 

s{P,k) ^ 0 only if 0 < (nk) < (nP). (48) 


This means that inequality ( p^ covers only the region 
1^1 < a; < 1 (p5|). The GPD H{x,^,t) should be taken at 
the normalization point p, determined (with the leading 
logarithm accuracy) by the hard scale (21) 


4- n^j^Pi,^ (38) 

(pn) 

with the properties 

= sp , (39) 

= 0 , = 0 . (40) 

Obviously 11^,^ is a projector on the transverse plane 
where one can choose basis eA\ 

^ eWe(“), (41) 

a^l,2 


^2 ^ _^2 ^ ^ Aqcd ■ (49) 

Note that the inequality ( p^ contains two terms 

H{x,^,t) - H{-x,^,t). (50) 


At a: > 1^1 the first term P[{x,^,t) can be interpreted as 
the quark contribution whereas —H(—x, A t) corresponds 
to the antiquarks. Actually inequality ( p7|) is a sum of 
two independent positivity bounds for the quark and an¬ 
tiquark distributions 


f d^Pid'^ki 

J 2P+ 


s{Pi,ki) 


d^P2d*k2 

2P+ 


S*{P2,k2) 


e(i)e(i) = e(2)e(2) = _l, 


(e“n) = (e» = 0 . 


X (27r)‘‘<5W(Pi-fci-P2 + fc2) [±H{±x,^,t)] >0. (51) 

(42) 

The reason, why the positivity bounds for quarks and 
antiquarks mix in inequality (|4^), can be understood al- 

(43) ready at the level of the forward parton distributions: it 
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is well known that in the electromagnetic DIS the struc¬ 
ture functions contain the sum of the quark and anti¬ 
quark distributions with squared electric charges so that 
for any flavor the quark and antiquark distributions ap¬ 
pear together with the same weight. 

In order to separate the quark contribution from the 
antiquark part, one can consider the positivity properties 
of the left currents. This is done in Appendix where 
inequality ( Of is derived. 

Inequality (pi]) can be easily reduced to inequality (H) 
which was used as a starting point for the derivation of 
the positivity bounds on GPDs in Ref. . Thus we see 
that the current approach (based on the positivity prop¬ 
erties of matrix elements of currents) and the method 
of Ref. (relying on the positivity of the norm of the 
quark-hadron states) lead to the same bounds on GPDs. 

V. POSITIVITY BOUNDS IN THE IMPACT 
PARAMETER REPRESENTATION 

In the previous section it was explained that the quark- 
hadron method of Ref. and the current approach 
lead to the same result. In Ref. [Q it was shown that 
the positivity bounds can be simplified by using the im¬ 
pact parameter representation for GPDs. In this section 
we present only the result. The technical details can be 
found in Appendix 

In the frame, where (Pi -I- P 2 )'^ = 0 and = 0, 
the transverse component of the transferred momentum 
— P-^ is connected with the variable t (^) by 
the following relation: 


VI. CONCLUSIONS 

In this paper the alternative derivation of the positiv¬ 
ity bounds on GPDs is considered. The advantage of this 
method is that it is based on quite transparent positiv¬ 
ity properties of matrix elements of color singlet currents 
over physical hadronic states. This allows us to avoid a 
number of problems which arise in the original derivation 
of the positivity bounds based on the positivity proper¬ 
ties of the nonphysical quark-hadronic states. From this 
point of view the derivation of the positivity bounds de¬ 
scribed in this paper is more favorable. Another advan¬ 
tage of the new derivation is that it makes clear certain 
physical restrictions on the region where the positivity 
bounds should hold. We see from Eq. (|4^) that the nor¬ 
malization point ^ should be large not only compared 
to Aqcd but also the condition |t| should hold. 

In terms of the impact parameter 6^ used in the explicit 
formulation of the positivity bounds (^^ this means that 
for the validity of the positivity bounds we need the con¬ 
dition /i 

For simplicity our analysis was restricted to the case 
of spin-0 hadrons. The generalization to hadrons with 
nonzero spins is straightforward and the explicit form 
of the corresponding positivity bounds can be found in 
Ref. 11. 

Acknowledgement. I am grateful to Ya. I. Azimov 
and M. V. Polyakov for useful discussions. 

APPENDIX A: POSITIVITY BOUNDS ON GPDS 
AND LEFT CURRENTS 


.±12 I ac2i\i2 


t = -- 




1-e 


(52) 


Let us define the GPD in the impact parameter repre¬ 
sentation via the Fourier transformation in : 

F{x,t b^) = J exp [i(A^6-^)] 


.±12 


X H 






(53) 


In Appendix ^ the following inequality is derived from 
inequality (|M): 


In this appendix we derive inequality (H using the 
positivity properties of the matrix element of the left cur¬ 
rents 

-75)V'- (A1) 

By analogy with Eq. (^) we have in the hard limit 


J dAexp|ifa;A [n(Pi-|-P 2 )] 


-1 l«l 


dx 


(1 — x)^ 


1 — X 


1-e; vi+e 


1 — X 


±F[±x,^,^^b^ 


> 0 . 


(54) 


This inequality should hold for any function p. It coin¬ 
cides with the positivity bound derived in Ref. [O . 


x(-f2|^/’ ( 7m2(»^7)7mi(1 -75)V’ l-Pi) 


J dAexpj-izxA [n(Pi-|-P 2 )] 


X (-P 2 IV' ( 7mi (^ 7 ) 7/22 ( 1 - 75 )?/’ ] \Pi) ■ (A2) 
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Let us introduce the vector describing the helicity eigen¬ 
state of the virtual photon 

e = -I- j (A3) 

with the properties 

(en) = 0, (ee) = 0, (e*e) = —1, (A4) 


APPENDIX B: DERIVATION OF POSITIVITY 
BOUNDS ON GPDS IN THE IMPACT 
PARAMETER REPRESENTATION 


In this appendix we derive the positivity bound in the 
impact parameter representation 


54| ) from the inequality 

(L 

Let us choose the light-cone coordinates so that for any 
vector 


— XTip . 


Using relations 

(e*7)(e7)(«7) = “(1 + , 

(e7)(e*7)(n7) = -(I - 75)(n7), 
we find from Eq. (|A2|) that in the hard limit 


(AS) 


(A6) 

(A7) 


X'^ = const {nX). 
Then according to Eqs. (^), 


JU+ I iU+ p+ p + 

_ + ^2 c ^ -^1 ^2 

P++P+’ Pi++P2+' 


(Bl) 


(B2) 


We can rewrite inequality (^ ) in the following form (in 
the case of the upper sign ±) 


(PPid^ki 

2P+ 


s(Pi, fcl) 


(PP2d^h 

2 P 2 + 


S*(P2,fe). 


d^z 


\P2\ [ 


aL 
' J U-? 




x{2^f5^^\Pl-ki-P2 + k2) 


2 J dAexp|-ia;A [n(Pi-I-P 2 )] 


x{P2\^ ( (n 7 )V' \Pl) 


= 8TTH{x,^,t) . 


(A8) 


Using this relation instead of Eq. (^), we obtain inequal¬ 
ity (^ 1 ]) with the upper sign choice in ± by analogy with 
the derivation of inequality (|4^). 


Replacing e —> e* in the LHS of Eq. (A8) we find 

I dSp^=^(P2| K^*j^,(z)]+ |Pi) 


X H 


rfc+ 




P2+’P+ 


p+ _ p+ 

' ^ (P 2 - Pi)" 


^2+’ 


> 0. (B3) 


Using the Fourier representation for the delta function 
27r5(P]“ — fcf — P 2 + k^) = / dy 


X exp 


ly 


|PjJ-|2 +M2 
2P+ 


-ki - 


\Pll±^ _ 

1 - 1 - 2 


2P7 


(B4) 


we can reduce inequality (B3) to the form 

'■ '' dZPidZki , I . f dZP2dZk2 


dy 


2Pi+ 


-S2iPi,kt,k^,y) J 


2P+ 


xs*2{P2,k+, ki,y){2TTf6iP+ -kt- P 2 + + k+) 


—2 J dAexp —-ixA [n(Pi-l-P 2 )] 


x{P2\^ ( (n7)iA |Pi) 


= —8TrH{—x,^,t). 


(A9) 


xj(2)(pi _ _ p± + ki) 


X H 
where 


Z-+ _i_ 2 -+ p+ _ p+ 


p + + p+ ’ p+ + p+ 


,{P2-Pl? 


dk 


> 0, (B5) 


S 2 {P,k+ ,k^,y) = / -—s{P,k) 


27T 


This result allows us to derive inequality (|^ with the 
minus sign choice. 


X exp 


iy 


/|P-^|2 -PM2 
V 2P+ 



(B6) 
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In inequality (B5) the dependence of functions 
S 2 {P, k^,k^, y) on y is arbitrary. Therefore inequal¬ 
ity ( |B^ ) should hold before the integration over y for 
any fixed y. Thus we conclude that for any function 
S3{P,k+,k^) 

f cPPid^ki ,+ i±\ f d^P2d^k2 ,-e ,-L^ 

J •‘^ 1 )/ .k ,) 

x{27TfS{P+ -k+ - P+ + k+)6^‘^\p^ -K- P-t + ki) 

kt + Pt - P} 


X H 


P+ + P+ ’ P+ + P+ 
Similarly we define the function 

f d^k^ 


{P 2 -P 1 Y 


> 0. (B7) 


S4 


(P,fc+ 


y ) = 


. (27r)2 
X exp \iy^{P-^ — k^)] ■ 


S3{P,k+,k^) 


(B 8 ) 


Then we find from the inequality (B7) 

f ,2 ± fd^Pidkt f 

J d y J S4{Pi,kZ,y ) J 


Let us introduce notation 


^ 2{P+P^^ - P+P,^) 


Pi^ 


P} 


(B13) 


Then the variable t (|^) is equal to 


t = -- 


i-e 


(B14) 


Note that in the frame where (Pi + P 2 )'^ = 0, we have 
A"*“ = {P 2 — Pi)'^ = A-*-. However, here we deal with 
inequalities containing the integration over Pi, P 2 so that 
the constraint (Pi -|- P 2 )'*' = 0 cannot be imposed. In 
order to avoid confusion with A^ = (P 2 — Pi)"^, we use 
notation A"*- for the variable ( B13 ). 

Now we introduce the function 


P(a^,e,A^)=i7 x,e, 


|A 


±\2 


4^2jvf2 


I-C^ 


(B15) 


In terms of this function inequality (BIO) takes the form 

d^Pidkt 




xsliP2,k+,y^)2n6iP+ - k+- P+ + k+) 


X H 


2 ^+ I p+ _ p+ 

-|- /i2 -^1 -^2 

p+ + p+ ’ p+ + p+ 


{P 2 -P 1 ? 


> 0 . (B9) X F 


Again, due to the arbitrary dependence of the function 
Si{Pi,ki ,y^) on y-^, this inequality should hold before 
the integration over y-^ for any value of y^, i.e. for any 
function S 5 (P, k~^) we must have 


d?Pidk+ 


d^P2dk^ 


2P+ 


' S5(Pl,fc+) J ^^-^^sUP2,k+) 


x27r5(P+ -k{ - PJ F kj) 


X H 


k+ F kt 

WTW 


p+ _ p+ 

' ",(P2-Pl)' 




P 2 '' 


1 'P P 2 

The next step is to notice that 

3-1- p-L p-l- p-L |2 


>0. (BIO) 


1^1 ^ 2 "- - P 2 P 1 
= -P+P2+(Pi - P2f - M^{P+ - P+f . 


(Bll) 


Taking in to ac count the expression ( p32| ) for we find 
from Eq. (UnJ) 


x2TrS{P^ -k^ - P 2 + -k 
k+ F k+ 


P+ - P+ 2(P+P2^ - P 2 +Pi-^) 


LPi-^ + P2^'Pr + P2+’ pr + P2 


■+ 


Taking functions S 5 in the factorized form 

3-L' 


> 0 . 
(B16) 


^5 

we find 


(fc+,P+,P+) = se{k+,P+)sr (^1^) , (B17) 


xF 


J^^'J 

f d'^P.^s-j 

kt Fkt 

P+ _ 


Pi^ 


P-L 

^2 

P+ 

^2 


j+ p-L 


3 + P^M 


P++P2+’P++P2+’ 


P++P 2 + 


= \iPi^ + P2^fJ dV|Sr(6+)| 


X P 
where 


fc+ 


k+ 


P 1 -P 2 Pi 


Lp+ + P 2 +’p+ 


P 2 +’ 2 P+P 2 + 


p+ 

6 + 


2(P+P2+ - P 2 +P+) 


Pi^ 


P 2 


= (1 - e)t - . (B 12 ) 57 ( 6 ^) = J exp [-z( 6 +P+)] s^iP^) 


(B18) 


(B19) 


















































and 


xJ [(P+ - fc+) - t;] 5 [{P+ - kt) - v] 


r ^2 X_L 

F {x,i,b^) = I TTj^^exp 


{2ny 




xH x,^,- 


|A-L|2 +4^2^2 


(p+ + p+)^ 

PtP2^ 


I dp+1 dp+s,{p+)s;{p+) 


d^A^ 

-^exp 


(2^)2 


i{A^b^) F{x,^,A^). (B20) 


Now we find from the inequality (|B16| ) 

J d^b^l'sr {b^) f J dP+dk+ J dP+dk+ 


P+ + P+-2V P+-P+ P^+P^, 


xF - 11- i 1^+ >0. 

L P 1 + + P 2 + P 1 + + P 2 + 2 P+P 2 + J" 

(B25) 

We change from P^, P 2 to the new integration variables 


PI - 2u 


P++P 


.EIjzIL 

^ Pt + Pi 


(B26) 


xsIkt,Pl)sl{k+, PI)2 t, 5[PI -k+- Pi + k+) 


X F 


kt + kt Pi-Pi Pl+Pl, 


PI + Pi' Pi 


Pi' ‘2PIP 


+ u+ 

2 


>0. (B21) 


Here function 57 {b^) is arbitrary. Therefore this inequal¬ 
ity should hold before the integration over b^ 

p+ p+ 

00-^1 00-^2 

J dPi J dk+ J dPi J dfc+s6(fc+,P+) 


xs;{k+,pi)F 


fc+ -h fc+ p+ - p 


■+ p+ 
2 


Pi 


Pi'Pi 


Pi’ 2PlPl 


p+ 

6-L 


X J [(P+ - kt) - {Pi - kl)] 


{Pl+PlI 

PiPl 


> 0. (B22) 


The integration li mits a re taken from Eq. (|4^). 

The inequality ( B22| ) should hold for any value of b^ 
and for any function se{k'^, P'*"). The next step is to take 

se{k+, P+) = ss{P+ - k+)slP+). (B23) 

In the limit 

|s 8 (w)|^ ^ (5(u — u), u>0 (B24) 

we find from inequality (B22|) 


Pi =v 


1 + ^ 


pp =v 


1-g 

1 — X 


2v^ 


1 — x’ 

with the Jacobian 

D{Pl,Pl) _ 

D{Ix) (l-x)3' 
After this change of variables we have 
(P++P+)2 1 


4P+P+ 


1-e 


2 ■ 


Then inequality (B25) takes the form 


d^ / dx 


-1 kl 


_ W 

(l-a;)3(l-C2)'’® y^'l-x 




1 — X 




(B27) 


(B28) 


(B29) 


(B30) 


Since function sg and parameter b^ are arbitrary, we 
can set u = 1 without losing generality. With S 9 (z) = 
zp{z~I we obtain 


hi 


dx 


kl 


(1 — xl 


1 — x 


1-^7"Vi+e 


1 — a; 


P X ^ 00 ± ^ 

dPi J dkt J dPi J dk+siPDsUPl) 


X F {x,I 1 > 0. 


(B31) 


xF 


kl + kl 

[Pl+Pl' Pl + Pl' 2PlPl 


p+ _ p+ p+ 

-*1 ^2 


2 


Thus the inequality (|^) with the upper ± sign is estab¬ 
lished. The case of the other sign can be considered in a 
similar way. 
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